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Abstract

The known (2+1)-dimensional breaking soliton equation, the coupled
KP equation with three potentials and a new (3+1)-dimensional nonlinear
evolution equation are decomposed into systems of solvable ordinary
differential equations with the help of the (1+1)-dimensional AKNS equations.
The Abel-Jacobi coordinates are introduced to straighten out the associated
flows, from which algebraic-geometrical solutions of the (2+1)-dimensional
breaking soliton equation, the coupled KP equation and the (3+1)-dimensional
evolution equation are explicitly given in terms of the Riemann theta functions.

PACS numbers: 02.30.Jr, 05.45.Yv

1. Introduction

The construction of explicit solutions for multidimensional soliton equations is an important
task. However, it is very difficult to solve them due to their multispatial dimensions and
nonlinearity. Usually one considers the multidimensional problems to be solved in such
a way as splitting into several lower-dimensional ones, which are more easily treated with
some available tools. The nonlinearization approach of Lax pairs [1-3] makes it possible to
decompose the (1+1)-dimensional soliton equations into the compatible ordinary differential
equations, which are the finite-dimensional completely integrable systems in the Liouville
sense [1-4]. The (2+1)-dimensional soliton equations could be decomposed in a similar
procedure from their Lax representation into the (1+1)-dimensional soliton systems [5—8], and
further into the compatible ordinary differential equations. This paves a way of solving the
(1+1)- and (2+1)-dimensional soliton equations.

Algebraic-geometrical solutions, called also quasi-periodic solutions, of soliton
equations are important, which can be used to find multisoliton solutions through the
degeneracy procedure [9]. Various methods have been developed to get algebraic-geometrical

0305-4470/03/092289+15$30.00  © 2003 IOP Publishing Ltd Printed in the UK 2289


http://stacks.iop.org/ja/36/2289

2290 X Geng

solutions of (1+1)-dimensional soliton equations, for instance, the algebraic-geometrical
approach (see, e.g., [10] and references therein), and others [11-20]. However, studies
of algebraic-geometrical solutions for (2+1)-dimensional soliton equations are very few.
Recently, algebraic-geometrical solutions of some (2+1)-dimensional soliton equations such as
the Kadometsev—Petviashvili (KP), the mKP, the special (2+1)-dimensional Toda lattice,
the (2+1)-dimensional Gardner equations have been successfully obtained resorting to the
nonlinearization of Lax pairs and finite-order expansion of the Lax matrix [21-24].

The aim of the present paper is to study the decomposition of three multidimensional
nonlinear evolution equations and the construction of their algebraic-geometrical solutions.
These nonlinear evolution equations are the (2+1)-dimensional breaking soliton equation
[25, 26]

Gr=0xy =290, @P)y  Fo= —Fay + 2701 (@P), (L.D)
the coupled KP equation with three potentials [28—30]
qr = % (‘Ixxx - 6qQX + 38;1‘])')' +6(pr)x)
Pi =5 (= Puxx +3qps = 3pay +3p0; ' qy) (1.2)
ry = % (—rxxx +3qry + 31,y — 3r8x_lqy)
and a new (3+1)-dimensional nonlinear evolution equation

Bwy: — Ry + Wy — 20w,)y +2(wyd; ' wy) =0 (1.3)

where 8, stands for an inverse operator of 9, = d/dx with the condition 9,9, ' = 8,9, = 1,
which can be defined as (3; L ) (x) = f joo f(x) dx" under the decaying condition at infinity.
Equation (1.1) was studied in a series of papers [25-27] and was used to describe the (2+1)-
dimensional interaction of a Riemann wave propagating along the y-axis with a long wave
along the x-axis. This equation can be solved via the inverse scattering method. It has been
shown that equation (1.1) possesses the Hamiltonian structure and infinitely many symmetries.
And these symmetries usually constitute some infinite-dimensional Lie algebras (see, e.g., [27]
and references therein). For the coupled KP equation (1.2), the N-soliton solution, the bilinear
form and other systematic results were obtained in [28-30].

In this paper, based on the known (1+1)-dimensional AKNS equations it is shown
that solutions of the (2+1)-dimensional breaking soliton equation (1.1), the coupled KP
equation (1.2) and the (3+1)-dimensional nonlinear evolution equation (1.3) are reduced
to solvable ordinary differential equations, from which algebraic-geometrical solutions of
the (2+1)-dimensional breaking soliton equation (1.1), the coupled KP equations (1.2) and
the (3+1)-dimensional nonlinear evolution equation (1.3) are obtained. The present paper
is organized as follows. In section 2, we shall decompose the (2+1)-dimensional breaking
soliton equation (1.1), the coupled KP equation (1.2) and the (3+1)-dimensional nonlinear
evolution equation (1.3) into the first two or three members of the AKNS hierarchy in a
direct way and the nonlinearization of a Lax pair. Here a Lax pair of the KP equation (1.2)
is proposed. In section 3, with the help of solutions for the (1+1)-dimensional stationary
AKNS equations, we introduce the elliptic coordinates, by which solutions of the AKNS
hierarchy, the (2+1)-dimensional breaking soliton equation (1.1), the coupled KP equation (1.2)
and the (3+1)-dimensional evolution equations (1.3) are reduced to solving systems of solvable
ordinary differential equations. In section 4, a hyperelliptic Riemann surface of genus N
and Abel-Jacobi coordinates are defined to straighten out the associated flows. The Jacobi
inversion problem is discussed, from which algebraic-geometrical solutions of the (2+1)-
dimensional breaking soliton equation (1.1), the coupled KP equation (1.2) and the (3+1)-
dimensional nonlinear evolution equation (1.3) are expressed explicitly in terms of the Riemann
theta functions.
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2. Decomposition of multidimensional evolution equations

In this section, we first decompose the (2+1)-dimensional breaking soliton equation (1.1), the
coupled KP equation (1.2) and the (3+1)-dimensional nonlinear evolution equation (1.3) into
the (1+1)-dimensional AKNS equations. To this end, we consider the first three members of
the AKNS hierarchy [16, 17, 31]:

Uy = —Uyy +2u%V vy = Uy — 2uv? 2.1)
Uy = Uyyy — OUVUy Uy = Uxyx — OUDY, (2.2)
and
_ 2 2 3.2
Uy = —Uyyxxx + 8UVU e + 60UV + AUl Uy +2U Uy, — OUV 23)

V; = Uyxxx — SUVVyy — 6uv§ — dvu, v, — 2v2uxx +6u%v’.

It is a well-known fact that equations (2.1)—(2.3) are compatible since the flows determined
by them commute.

Proposition 2.1. Let (u, v) be a compatible solution of equations (2.1) and (2.2). Then the
functions q and r determined by

gx,y,t)=v Flx,y,t) =u (2.4)
solve the (2+1 )-dimensional breaking soliton equation (1.1).

Proof. With the aid of (2.1), we have

uv, — v, = 3, (Gh)y. (2.5)
Substituting (2.1), that is u,, = —uy + 2u*v and vy, = vy +2uv?, into (2.2) and noting (2.5)
yield (1.1). O

Proposition 2.2. The coupled KP equation (1.2) has a Lax pair, which is the spectral problem
—2+qg+2 p
u X
$y=Up ¢ (v) ( L g (2.6)
and the auxiliary problem

1 (483 - 6q8x - 3%( +q _6px >

=V V=— 2.7
o ¢ —6r, 48; — 60, —3¢g. — ¢ @7

4
where q, p and r are three scalar potentials, ). a constant spectral parameter, ¢ = 39.q,.

Proof. A direct calculation shows that the compatibility condition of (2.6) and (2.7) yields the
Lax equation U; — V, + [U, V] = 0, which is equivalent to the coupled KP equation (1.2).
As X = 0, equations (2.6) and (2.7) can read

Uy = —ly, +qU+ pv Uy = Uy —qU — U (2.8)
and

Uy = lexx — 3qUy — 3Gyl + 35U — 3oV

Ur = Uxxx — %C]Ux - %va - %gv - %rxu'
Now we impose the constraint between the potentials and eigenfunctions

q = 4uv p=—2u" r=—2v" (2.10)

(2.9)
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which together with (2.8) implies

c =38X_lqy = 12(uv, — u,v). (2.11)
Substituting (2.10) and (2.11) into (2.8) and (2.9) yields (2.1) and (2.2). Therefore, we obtain
the following fact, which can be verified by direct calculations. O

Proposition 2.3. Let (u, v) be a compatible solution of equations (2.1) and (2.2). Then the
function (q, p, r) determined by (2.10) is a solution of the coupled KP equation (1.2).

Proposition 2.4. Let (u,v) be a compatible solution of equations (2.1)—(2.3). Then the
function w determined by

w(x, y,t,7) =3uv (2.12)

solves the (3+1 )-dimensional nonlinear evolution equation (1.3).

Proof. Using (2.1)—(2.3), a direct calculation arrives at
wy = 3(UVyy, — Uy V) - 'w, = 3(uv, — u,v)
Wyrxy = 3(UUxxxx — UnxrxV)x + O(UxVyxx — UyrxVx)x
Wy = 3(Uyxr U+ UVyyy) — 2WWy wx8x_lwy =9 (uzvi — uivz) (2.13)
Wiy = 3(Uxxx — UrrexV)x + 3(arx Ve — Uy Verr)x — 2 (w0 wy)
Woy = 3(UVyxxxy — UpxxxV)y — 2 (wwy + wxa;lwy)x

which give the (3+1)-dimensional evolution equation (1.3). ]

3. Decomposition of the AKNS hierarchy

In what follows, we shall construct the AKNS hierarchy, which plays the role of a bridge in the
process of reducing the (3+1)-dimensional evolution equation (1.1) and the (2+1)-dimensional
coupled KP equations (1.2) to solvable ordinary differential equations . Let us consider the
Lenard gradient sequence s, —1 < j € Z by the recursion relation

(1) (D (3)
Sp1 = 0cs; —2vs;

2 2) 3)
52 = —0,82 — 2us! 3.1)
I
3) _ 1,2 3) .3
sm—Z(sj 5=+ s]_j) > —1
j=0
. T o . . . .
with s_; = (0,0, —1)" . It is easy to see that s; is uniquely determined by (3.1) and the first
2 y j quely y
few members are
v Uy
so=|u S = | —Ux
0 uv
Vyy — 202 Vyxx — OUVV,
$o = | Uy — 2u?v §3 = —Uyyy +O6UVU,
UV — ULV Upx U + UVpy — Uy Uy — 3202
Uyxxx — SUVVyy — 6uvf — dvu, vy — 20%u,, + 6u203
S4 = | Uyxxx — UV, — 6u§v — duu v, — 2ulv,, + 6utv?

UVyry — Upyy U+ Uyy Uy — Uy Ugy + OUU 0 — 6200,
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From (3.1), we have
I

P sg — Z (sa)sl(z)] +S(1)Sz(2),x +0, (s<3)sl<3)]))
Jj=0

1 @ (1 (2) (3) (2) (1,3 3).3)
=Z(sj+lsl_j—sj Siel— ]+2vs —2us] 55 + 0y (j 52 ]>>

(H (2) ) 2 ( (3)
= us!) —vs? +2 Z (o —us(V + 05 (3.2)

which implies by induction that
—usV +usP 4050 =0 1> -1 (3.3)

Equations (3.1) and (3.3) can be written as the Lenard equation

KS]_l = JS] JS_l =0 l 20 (34)
with two operators
0 0 2u 0o -1 0
K=1d 0 —2v J=11 0 o0
—u v 0 —u v Oy

Consider the AKNS the spectral problem and the auxiliary problem

—%)L u
o=Up U= 1 (3.5)
v E)\

(3.6)

(m) (m)
tm — -

(m) (m)
Vo =Vi
where
Vl(;’l) Zs(g) )Lm J V(”") ZS(Z) )Lm J V(”") Zs(l) )Lm ]
Then the compatibility condition of (3.5) and (3.6) is the Lax equation, U, — Vx(m) +
[U, V] = 0, which is equivalent to the AKNS hierarchy

(s v,)" = X m =0 (3.7)
where the AKNS vector field
_ () |
e

>
~.

v 0 —1
i =08 o =
J J 1 0

The first three nontrivial members in the hierarchy (3.7) are exactly equations (2.1)—(2.3) with
h=y,l3=1,14=2.

Assume that (3.5) and (3.6) have two basic solutions ¥ = (Y, ¥»)" and ¢ = (¢1, $2)7.
We introduce a Lax matrix W of three functions f, g, h by

P . [ &
W—2(¢1ﬂ +ve )6—<h —f) (3.3)
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which satisfies the Lax equations
W, =[U, W] W, =[v™, Wl (3.9)

This means that the function det W is a constant independent of x and #,,. Equations (3.10)
can be written as

fr = uh —vg g = —Ag —2uf hy =2vf + Ah (3.10)
and
fin =hV5" =gV g, =28V\" —2fv” hy, =21 V51" =20V, (3.11)

Now suppose that the functions f, g and / are finite-order polynomials in A:

N+1 N+1 N+1
f=) fiaali g=y g AVt h=Y hj AN (3.12)
j=0 j=0 =0
From (3.10) and (3.12), we have
KG;1=JG; JG_1 =0 (3.13)

Equations (3.13) and (3.14) imply

—uhj+vg;+0,f; =0 JG; = (%, *,0)7. (3.15)
Note that the equation JG_; = 0 has the general solution

G_| = aps_ (3.16)

with a constant of integration o, which shows kerJ = {as_;|Va}. Acting with the operator
(J7'K)*! upon G_; in (3.14), we obtain from (3.13) and (3.4) that

k+1
Gk=2a,sk,, —1<k<N (3.17)
j=0
where o, ..., a4 are constants of integration. Substituting (3.17) into (3.14) yields the

stationary AKNS equation

()[()XN+1+(XIXN+---+O[N+1X0=O. (318)

4. Solvable ordinary differential equations

In this section, we shall decompose the AKNS hierarchy into solvable ordinary differential
equations. Without any loss of generality we can set oy = 1. Then from (3.17), we have

3
fa=-3 fo=—3a fi=s) = lon
2) (D “.1)
g-1=0 g0 =5, hy1=0 ho = s,
3 3 3
fe= S;E : +Olls,E,)1 +o +Olk—1sf ) - %Olk+1
&k = Slgz) + 0{151527)1 + -+ O[kS(gz) (42)

hy = s,il) +a1s,£91 +-- +o¢ks(()l) k> 1.
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Equations (4.1) and (4.2) can be written as
S/EI) = yohi + yihi—1 +-- -+ ycho
S = Y08k + V18k—1++ + Vigo k=1 (4.3)

3
SIE "= it it v fi

where
vo=1 Y1 = —o) Y2 = —ayr — o, ...
= —0 Ykl —Vk—2 — " — Qk_1V] — &,
Vi 1 1Vk—1 27/k12 k—1Y1 k @4
7'[1:5(){2 ]'[225053—0[17'[1,...
Tl = 30kas — QUT — Q2T — *++ — OQTTL.
Now we write g and 4 as finite products, which take the forms
N N
g=u[[o—pm)  h=v][[r-w (4.5)
i=I

i=1
to define the elliptic coordinates {x;} and {v;}. Noting (4.1), (4.2) and (3.12), we get by
comparing the coefficients of the same power for A that

N N
g1=—u2uj h1=—v2vj
j=1 j=

1 (4.6)
gZZMZI’Lll’LJ h2=UZUl’UJ‘
i<j i<j
8 = (_1)lu Z Hjijy =
fEnEE (4.7)
h;:(—l)lv Z VijVj, ==+ Vj 1<1<N
Ji<ja<—<ji
By using (4.6) and (4.2), we arrive at
N N
8xlnu=a1+Z;Lj axlnvz—al—Zvj 4.8)
j=1 j=1
2
1 (& 1 N N
21411—5 ZM/ +22Mj+axZH’]+alZM]+a2
j=1 j=1 j=1 j=1
5 4.9)
N | N N N
2uv = — Zvl +§ZU;—3YZUJ+O{12UJ+(¥2
j=1 j=1 j=1 j=1
with the help of equality
N 2 N
2
2 as=228] -8
i<j j=1 j=1
3 (4.10)

N
6 Y &g =) & +2> & -3> &> &

i<j<k j=1 j=1 j=1 j=1
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From (4.3), equation (3.7) can be written as

Ug, = —Y08m — YV18m—1 — > — VYm&0
“4.11)

Ui, = J/Ohm + ylhm—l +- J/th
where g; and h; are given by (4.6) and (4.7). Note that the function detW is a (2N +2)th-order
polynomial in 1, whose coefficients are constants of the x-flow and 7,,-flow. We have
2N+2
—detW = f2+gh=- ]‘[(x Aj) = R(A) (4.12)
j=1
Substituting (3.12) into the above expression and comparing the coefficients of AN
AN AN we obtain
2N+2 2N+2

2f i fo=—— Zx o = —— Zx (4.13)

-1

27 lfl"‘Z(fJfl —jm1 ¥ gjhi-j1) = ( D Z Mjiet M 1

j=0 Ji<r<jis

N
N
2

(4.14)

Using (4.2), it is easy to calculate that
I-11—1-n

Zg]hl =YY e kzs(l) i (wo=1) (4.15)

n=0 k=0
[—1 [—1-n J
(3) (3)
E fjfljl—E E Uik )5 E E o sy + = E IRL
n=0 k=0 =0 Jj=0 k=0

(4.16)

-1 j —11-1- l 1
} :2 : 2 : 3 3 3

oo kSk E aka[,n,17k5,5+)l + E O[k()l[,ks(() ) (o) E Ol[,ksli ). (417)
Jj=0 k =0 k=0 k=0 k=0

By utlhzlng (4.15)—(4. 17) (3.1), (4.2) and (4.14), we have

Qr + = Za Q= (— 1)“‘ D A A 1<I<N (4.18)
]1< <Jisl
from Wthh a; (I <1 < N) can be explicitly represented by the constants Ay, ..., Ayyso.

Noting (4.5) and (3.10), we get

gx|)»=/u< = —UUkx l_[ (I'Lk - I'Li) = _2uf|A:uk
i=1,ik

N (4.19)
hilimy, = = [] e —vi) =2vflizyy  1<K<N
i=1,i#k
which, together with (4.12), imply the evolution of the elliptic coordinates along the x-flow:

Mkx _ 1
VRO TT i Gtk — )

) Miztime 1 1<k<N. (4.20)

kx

VR _H,N:L,-#k(vk — V)
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We obtain from (3.6) and (4.3) that

m n—1
Vfén) |/\=uk = Z Z Yoi-1811 "
n=t =0 421
m n—1
(m) m—r
Vo |A:Vk = Zzynflflhlvkl .
n=1 1=0

In a way similar to the calculation of (4.20), we arrive at the evolution of {u} and {v;} along
the 1,-flow:

m—n

m n—1 1
Mkt _ Zn:l Zz:o Vn—i—1U "8I}y

kY% R(,u'k) l_[jvzl,iik(,uk — 1)

m n—1 —1 m—n
Vitw anl Z[:o Yn—1-10" vy

VR T 0k = v0)
where g; and h; are given by (4.6) and (4.7).

Therefore, if the 2N + 2 distinct parameters A1, . .., Aoy42 are given, and let p; and vy be
distinct solutions of ordinary differential equations (4.20) and (4.22), then (i, v) determined
by (4.8) and (4.11) is a solution of the AKNS equation (3.7). This means that the function
(g, 7) by (2.4), the function (p, g, r) by (2.10) (2 < m < 3) and the function w by (2.12)
(2 < m < 4) are solutions of the (2+1)-dimensional breaking soliton equation (1.1), the
coupled KP equation (1.2) and the (3+1)-dimensional evolution equation (1.3), respectively.

1<k<N 2<m<N (4.22)

5. Algebraic-geometrical solutions

Let us consider the Riemann surface I' of the hyperelliptic curve ¢{? = R(A), R(A) =
Hiﬁfz()» — X;), of genus N. On I' there are two infinite points co; and 0o, which are

not branch points of I'. Equip I with the canonical basis of cycles: ay, ..., ay; by, ..., by,
and the holomorphic differentials
A lga
= 1 <I<N.

w) =
v R()
Then the period matrices A and B defined by

A,'j:/ ; B,’j:/ ;
a; b;

J J
are invertible [32, 33]. Let C = A~!, 7 = A~!B. The matrix t is symmetric (t;; = 7;;) and
has positive definite imaginary part (Im7 > 0). Then the Riemann theta function of T" is
defined as

0l =Y exp(rv/—=I(rz, 2) +2n/—1(E,2)  E=(&,....6)" eCY

zeZN

where (., .) represents the inner-product, (§, ¢) = Z;V:l &j¢j. If we normalize @; into the
new basis w;

N
wj=ZCﬂcZ); 1<]<N
=1

/wjzéji /a)jztﬁ.
a; b;

i i

then we have
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Now we introduce the Abel map A(p)

ap=["o  A(Tun)= Y mamo
Po

and the Abel-Jacobi coordinates

(1k)

p = A (Zp(m) Z f” (5.1
(V)

p? = A (Zp(wa) Z f ’ (5.2)

p(i) = A = pk, & = R(ux)) pvi) = A =v, ¢l =+/R()) el

and p is chosen as a base point on I". The components of the Abel-Jacobi coordinates in
(5.1) and (5.2) read

where

P (k)

iic /M A dr 1<i<N (5.3)
= jl \_]\ .
" Loy VRO

k=1 k=1 I=1 A
Doy [y e [
p; = / = C; / e 1<j<N (5.4)
! k=1 Y Po k=1 1=1 A(po) R()‘)

where A(po) is the local coordinates of py. From the first expression of (4.19), we get

) I/Lkr
%p; ZZ W ZZ )

I=1 k=1 I=1 k=1 :;&k(ﬂk
which implies

0p) =Cin =07  1<j<N (5.5)
with the help of the following equality:

N —1

)L SR i =& 1<I<N. (5.6)

k=1 ]_[i;ék(,uk — )
In a similar way to the calculation of [21], we obtain from (5.3), (5.4) and (4.21) that
3,08 = Q" 3y, p7 = —Q" 1<j<N 2<m<4 (5.7)
w1th

Q(‘mfl) =CiN-m1 *VICjNmr2+ -+ Vu_1Cjn. (5.3)

On the basis of these results, it is easy to see that ,0(1) and ,0(2) are linear functions:

pi = Qx + ZQ(" Uty 1<j<N 2<m<4 (5.9)
k=2
m
p? =—-QPx - Zsz;"‘”tk —y? 1I<j<N 2<m<4 (510

where yi(i) (i =1, 2) are constants,

(1) Pt <0>> o N o p((0)
2/ W == [
P
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Especially, for the (2+1)-dimensional breaking soliton equation (1.1) and the coupled KP
equation (1.2) we have

pgl) Q(O)x+§2(l)y+§2(2)t+yf1)

(5.11)
p? =—QPx —Qly —QPr —y? 1<j<N.
Moreover, for the (3+1)-dimensional nonlinear evolution equation (1.3), we have
(H (0) (H (2) (3) (1)
p; =7 x+Q7y+ QI+ Q 4y,
! ! (5.12)

pgz) —Q.(io)x — Q;l)y — Q;z) — Q_(f) y](z) 1<j<N.
According to the Riemann theorem [32, 33], there exists a constant vector M O eV
such that the function
FOG) =0(A(p) —p" =MD 1=1,2

has exactly N zeros at i, ..., uy for/ = lorvy, ..., vy forl = 2, and we have the inversion
formula:

Mz

k= 1(I) - Z Res )J‘dln FO)

j=1 s=1

(5.13)

=4

k_ k )
._IF—E Res AfdIn FP (A
v; = (') _A:ggx n F (%)

—_

~

where I is the constant independent of p)

N
1,41“):2/ K.
j=1"4

In what follows, we shall compute the residues in (5.13) for k = 1, ..., 4. Through tedious
calculations, we obtain

Res Adln FO) = (1) 'ZQ(O)D no® 1<1<2 1<s<2

7ooA
j=I
N N
Res AzdlnF(l)(A)—( 1) 'ZQ“)D 1n9<”+229(°>9(°>0 Ino®
Jj=1 j=1 k=1
R M (5.14)
3 / . o) n, 3 © () 0
Res 2 din FO(n) = (~1) IZszj D.,«1n9§)+522szj 2"Dji In6!
j=1 j=1 k=1
1 N N N
VAR 00 0 0) 0}
+2( D ZZZ QP Diji In 6
i=1 j=1 k=1
N 4 N N
Res A*dIn FOL) = (=1)° 129(3)D no? + 322950)9,?)1),,{11195’)
A= j=1 j=1 k=1
1 N N N N N
+3 Y3 P Do + (-1 Y YN eV Dy ng
j=1 k=1 i=1 j=1 k=1
1 N N N N
-z (OFSIOFSIOFOF )
+6ZZZZQ" QP Dijiy In6) (5.15)

~
Il

i=1 j=1 k=1 n=1
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with
m

00 =0 (Q(O)x +> Q% Vg 4 1®
k=2

)

m
Q0r + 3" Q% Vg + A
k=2

where D; signifies a derivative with respect to the jth argument of the theta function, D;; =
D;D;, Djjx = D;D;Dy, D;jin = D;D;D;D,, and

Q¥ =(@P,.... )  TO=r", .. 19) AV =(aY,....AP)
Po Po
() _ (1) (1) (s) @) (@)
'y + M| / w; AV =y — M —/ w;
005 OO
0<i<m—1 1<j<N.

Here we use the property that the theta function is an even one. Equations (5.13)—(5.15) imply

the equalities

9(1)
Z“/ =1,(D) + 9, 1n9(1)
j=1
N (1)
> ui =) +0,In 2 9(1)
j=1
N ) )
> v = L) +0, 1nW

—_

1

~.

Mz

J=1

Zuj = L)+

Jj=1

=4

1
Op, + 28

(

W= 1) + (0, + 203
]_3( )+ 13+§x

N 9(2)
Zu, = /(1) + 9 In 2 (5.16)
Jj=1 9
(D) (D)
—92In6."6;
(5.17)
—821 9(2)9(2)
0" 3 1,51
In W_Ea"a’zlngl X
(5.18)
In 6, 3 4.6, 1n6@0®
W 5 0x % ne, o, .

Using (4.6), (4.7), (5.16)—(5.18), and noting (4.10), the first expressions of (4.8) and (4.11)

can be written as

o o
O Inu = Ny + 0y In = o, Inu =N, +0,, In = (5.19)
91(1> 9(1>
1
where Ni, N, and N3 are given by
N=5L-—n
N2=—5(3,2+a ) In W—a Iy — 5|1+ 1n9(1) +yi| 1+ 0, 1n9(1) toh =y
2 1 3 (1) M (1)
Ns = -3 (3,3 — 433 + Zaxa,2> In = 9(1) — 30, In6; )+ | I + 8, In = 9(” (5.20)
1 oLV oLV
Ny +8cIn 2= ) | L+ (8, — 87) In 2= —23%In6"
) " 2 "
(1) (1)

alt

1 0,
— 11+8 In
"6 6

— 3y + 0, In =~ 9(1)

1I
3 3~ V3.
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Proposition 5.1.
INy = —uv — 326" + L (y2 =21 + In) (5.21)
IN3 = w0 —uvy — 3,9, 0 + y1p5 — y3 + (I — ¥7). (5.22)

Noting (5.19)—(5.22), it is easy to see that N,,, = 0, Ny, = 0, No,, = 0. Through lengthy
calculations, we arrive at the following equalities:

(88x8;, +307) In 0" = —11(xv + uvyy) + 14u, v, +30uv? — 3N,
+6y7 + 12p1y3 — 122y + 12y + 3y + 314 (5.23)

(30,81, +28,8,) N6 = 5t v — UVr) — T(Uar Vs — U Vy)
—30(uu,v® — ulvvy) — gNs + const. (5.24)

Using (5.21)—(5.24), we have that Ny, = 0, N3;, = 0. Similarly, through tedious calculations
we can prove that No;,, = 0, N3, = 0.

Proposition 5.2. N; and N, are constants independent of x, ty, t3, ts. And N3 is a constant
independent of x, tp, t3.

In a way similar to the calculations of (5.19), we have

2(2) A 92(2)
Bxlnvz—Nl—Bxan Btzlnvz—Ng—Btzan

1 1
o (5.25)

d,Inv=—N;3 —, lnﬁ
1

where N » is a constant independent of x, ,, 3, #4 and N 3 is a constant independent of x, ,, 3:
(2)

. 1 . O | o\’ 07\ 1
Ny=—=(8,+8%)In 2 — 326 — — (1, +8,In 2 ) +y (L +0,In 2|+~ L —
2( [5) ) 91(2) 1 2 91(2) 91(2) 2

. 2 1., 3 6.? 5 63?
Ny=-3 (3,3 - 00+ Zaxa,z) lnﬁ — 80,00 +y, [ 1 + 0, lnﬁ
! : (5.26)

1 9(2) 9(2) )
-5 N1+8xlnﬁ 12+(8,2—8f)1nﬁ—28§ln91()
1 1

2
! I + 0,1 92(2) I, -3 0y 1 92(2) 1I
+g 1+Xn@ 1= V1+xnﬁ +§3—)’3-
With the aid of (5.21), we arrive at
uv = —32n6" + L(y? =25 — No + o). (5.27)

Based on the above results and using (2.4), (2.10), (5.11), (5.19) and (5.27), we obtain the
assertion.

Theorem 5.3. The (2+1)-dimensional breaking soliton equation (1.1) and the coupled KP
equation (1.2) has algebraic-geometrical solutions, respectively,

e 9. 1) = 60, 0. 0) exp(Nix — Hay — t)e(sz@)x +QWy + QO + ADYI(AD)
Yo l) = , U, V) exp(— - -
ay i P = 2y = sl QO + @y + QOr + A®)YI(AD)
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0(Q0Vx + QWy + QP + T)H(rD)
0(QO0x +QM0y + Q7 + YD)e(T?)

7(x,y,t) =7(0,0,0)exp(Nix + Ny + Nit)

(5.28)

and
q(x,y,)=—430(QVx + QVy + Q@1 + Y1) + 4
02(QVx + QWy + Q@1 + T@)p2(TD)
02(QOx + QMy + Q@7 + YIHH2(T@)
02(QVx +QWy + Q@1 + ADYHP2(AD)
02(QOx + Qy + Q@7 + AD)HZ(AD)

(5.29)
where ay = 2()/12 — 2y — Ny + Iz) is a constant. And the first expression of (5.29) is also an
algebraic-geometrical solution of the KP equation [10, 21]

qr = i(%cxx - 3qqx + 38;lq”).

p(x,y,0)=p(0,0,0) exp(2Nix + 2N,y + 2N31)

r(x,y,t)=r(0,0,0) exp(—2Nx — 2N2y — 2N3t)

Therefore, noting (2.12), (5.12) and (5.27), we have the following fact.

Theorem 5.4. The (3+1)-dimensional nonlinear evolution equation (1.3) has algebraic-
geometrical solutions

wx,y,t,2) =-3MoQVx +QVy+ Q@1+ QVz+ 1MW)+ by (5.30)

where by = %(yf -2y — No + Iz) is a constant.

6. Conclusions

In the foregoing sections we have derived algebraic-geometrical solutions of the (2+1)-
dimensional breaking soliton equation, the coupled KP equation with three potentials and
the (3+1)-dimensional evolution equation, which was not considered in the literature before.
Generally, it is very difficult for a given (2+1)-dimensional nonlinear evolution equation to
be decomposed into two (1+1)-dimensional soliton equations in the same hierarchy. Here
we split successfully the (2+1)-dimensional breaking soliton equation and the coupled KP
equation with three potentials into two (1+1)-dimensional AKNS equations with the help of
a direct way and the nonlinearization of a Lax pair. What is more significant is that this
suggests a new possible approach to decompose multidimensional evolution equations and to
construct their algebraic-geometrical solutions. A (3+1)-dimensional nonlinear evolution
equation is cited as an instance in illustration of our method. These multidimensional
equations are further decomposed into solvable ordinary differential equations by utilizing
(1+1)-dimensional AKNS equations. Based on the decomposition and the theory of algebraic
curve, the explicit solutions of these multidimensional flows are expressed simply in a way
of linear superposition by the introduced Abel-Jacobi coordinates. An inverse procedure is
discussed to transform the explicit solutions in the original coordinates, from which algebraic-
geometrical solutions of these multidimensional nonlinear evolution equations are given,
whose expressions are very brief.
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